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Abstract.
We deal with a model for high-temperature superconductivity which main-
tains that in cuprates spin-singlet bonds are formed between electrons run-
ning in the neighbouring layers of copper oxide found in lattice of these mate-
rials. This model reutilizes the BCS scheme, but with the essential difference
that the electron pairs are characterized by equal, rather than opposite, mo-
menta as in Cooper pairs. In the present paper, we consider the electron pair
formation and a peculiar canonical transformation analogous to the transfor-
mation once applied to the theory of pairing correlations in nuclear matter.
It is shown that the quasi-particle energy spectrum remains that of the BCS
theory, including the linear relationship between forbidden energy gap and
critical temperature. The model is also applied to superconductivity of some
copperless perovskites of mixed stoichiometry, whose features are of special
worth in understanding the mechanism of the phenomenon. The possibility
of enhancing critical temperature in cuprates by inserting monovalent ions
into the lattice is considered.
PACS: 74.20.-z; 74.72.JT.
Keywords: Superconductivity theory; cuprates; unconventional supercon-
ductors; exchange interactions
1. Introduction
Notwithstanding the great deal of work done till now, no theory about
high temperature superconductivity has obtained a general consensus. Even
the basic nature of the phenomenon remains uncertain. In a magazine note of
August 2000, concerning the strip mechanism for superconduction in cuprates,
G.P. Collins asserts ”Despite the researchers best efforts, high temperature
superconductivity remains a mystery” [1] . Owing to this state of affairs, we
1Corresponding author. E-mail address : brovetto@waxca1.unica.it.
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will now examine a mechanism, quite unlike those so far proposed, which has
been conceived by keeping in mind, besides cuprates, the features of other
kinds of unconventional superconductors different from cuprates (2).
Cuprates are surely the most interesting superconductors as they allow for
the highest critical temperatures so far recorded. But a variety of materials
other than cuprates is known, showing a superconductivity not explained by
the BCS theory. Actually, superconduction has been detected in perovskites
of fractional stoichiometry, in mixed copper and alkaly-earth oxides, in or-
ganic compounds and in fullerenes. This makes complex the study of super-
conductivity but, at the same time, provides a wide experimental background
with which theory must be compared. In our opinion, the simplest and most
conservative hypothesis is that the basic superconduction mechanism is the
same in all these materials in spite of their quite different natures. Accord-
ingly, the very cause of superconductivity must be searched for in something
which is shared by all materials. On that account, next Section is devoted
to singling out features which pertain to all the superconductors spoken of.
2. Common features of unconventional superconduc-
tors
In reality, two remarkable peculiarities are common to the unconventional
superconductors cited before. The first is that all are characterized by com-
plex layered lattices or uneven heterogeneous lattices showing discontinuous
structures. The second is that all contain ions or atoms with unpaired elec-
trons or electrons not included in closed shells. These points are emphasized
hereinafter by considering a selection of various superconductors.
A) Perovskites with fractional stoichiometries. - Some of these perovskites
are listed in the following Table.
Tab. 1. Some superconducting perovskites with fractional stoichiome-
tries.
SrTiO3−δ [6] BaPb0.7Bi0.3O3 [7] Ba0.6K0.4BiO3 [8]
Tc ≃ 0.3K Tc = 13K Tc = 30K
Sr0.5K0.5BiO3 [9] Sr0.5Rb0.5BiO3 [9]
Tc = 12K Tc = 13K
Their structure is characterized by lattice discontinuities found at the bor-
ders between cells with different ion compositions. The SrTiO3−δ supercon-
2) In Ref. [2, 3, 4, 5] , some features of this mechanism have already been presented.
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ductor, which shows a partial lack of oxygen, is a reduced compound. But,
also BaPb0.7Bi0.3O3 and Ba0.6K0.4BiO3 are indeed reduced compounds. In
fact, owing to valence four of lead and five of the fully oxidized bismuth,
their stoichiometries should be written as BaPb0.7Bi0.3O3.15 and Ba0.6K0.4
BiO3.3, respectively. The same argument obviously is right for the strontium-
substituted compounds. For these compounds, the lack of room in the stiff
perovskitic cell prevents oxygen from entering the cell until metals are fully
oxidized. Since oxygen is kept in the form of divalent O−2 ions, when oxygen
is removed as neutral atoms some electrons are left in the material and be-
come bound to metal ions. It follows that unpaired electrons appear in excess
to the noble gas shells of K+1, Ba+2, Sr+2 ions or to 5d10 shell of Pb+4 and
Bi+5 ions.
B) Cuprates. - These materials show layered lattices formed by perovskitic
or perovskitic-like cubes. As cuprates are the best known superconductors,
we limit ourselves to few examples. The first discovered La1.85Sr0.15CuO4
cuprate, which superconducts at 35 K, is characterized by the K2NiF4 struc-
ture, that is, an alternation of perovskitic and NaCl-like layers [10] . It shows
a fractionary stoichiometry and is to be regarded as an oxidized supercon-
ductor because, owing to substitution of trivalent lanthanum with divalent
strontium, its stoichiometry should be written as La1.85Sr0.15CuO3.925. The
92 K superconductor YBa2Cu3O7, usually referred to as YBCO, is char-
acterized by a stacking of yttrium and barium centred lacunar perovskitic
cubes [11] . In the so-called TBCO superconductors, such as for instance the
Tl2Ba2CaCu2O8 compound, different alternation of perovskitic-like layers of
copper, calcium, barium and thallium oxide are found [12, 13] . As for the
unpaired electrons, we point out that all cuprates contain divalent copper
with the [Ar]3d9 configuration showing just one unpaired 3d-electron.
C) Mixed copper and alkaly-earth oxides. These compounds deserve at-
tention because they are cuprates lacking in perovskitic structure. The
mixed oxide SrCuO2 shows an orthorhombic lattice, it is not a supercon-
ductor but superconductivity appears at 40 K in the fractionary stoichiom-
etry compound Sr0.86Nd0.14CuO2 [14] . It is a reduced compounds because,
owing to valence three of neodimium, its stoichiometry should be written
as Sr0.86Nd0.14CuO2.07. Apart from the different structure, it is like the su-
perconductors of item A). Recently, using a field-effect technique, electrons
were removed from (or injected into) the monoclinic CaCuO2 compound.
In this way, superconductivity was found at 89 K and 34 K depending on
wheter 0.15 electrons per molecule are removed or injected, respectively [15].
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Even in this case, superconductivity is originated by introduction of unpaired
electrons and of lattice discontinuities lying at the borders between cells of
different degrees of oxidation (3).
D) Organic superconductors. We limit ourselves to the Bechgaard salt,
that is, tetramethyl-tetraselena-fulvalene hexafluoro-phosphate (TMTSF)2
PF6 which superconducts at about 1 K [16] . This material is characterized
by stackings of strongly bound molecules with a much weaker intermolecu-
lar bonding in direction transverse to the stackings. One electron is moved
from one TMTSF molecule to one fluorine atom so that (TMTSF)+1 cations
and (PF6)
−1 anions appear. Since in the neutral TMTSF molecules all elec-
trons are coupled in σ− or pi−bonds, one unpaired electron is present in the
(TMTSF)+1 cation.
E) Fullerenes. These materials are characterized by stacks of C60 balls.
Links between carbons in contiguous balls are weaker than those of carbons
in the same ball. Superconductivity has been detected at 18 K in K3C60
and at 28 K in Rb3C60 [17] . The presence of potassium or rubidium atoms,
showing the [Ar]4s and [Kr]5s configurations, respectively, inserts unpaired
electrons in the C60 stacks. With the field-effect technique, electrons were
removed or injected into the C60 balls, so leaving some unpaired electrons
there. In this way, superconductivity was originated at peak temperatures of
52 K or 11 K when just three electrons were taken off or added to each ball,
respectively [18] .
The previous analysis confirms that unpaired electrons and uneven lat-
tices are really features common to the superconductors considered above.
However, different kinds of superconductors must be distinguished depending
on the actual provenance of the unpaired electrons. Indeed, compounds of
item A) and the Sr0.86Nd0.14CuO2 compound are ”reduced” superconductors.
The La1.85Sr0.15CuO4 cuprate, on the contrary, is an ”oxidized” superconduc-
tor. Cuprates as YBa2Cu3O7 or Tl2Ba2CaCu2O8 and the Bechgaard salt are
to be regarded as ”intrinsic” superconductors, since unpaired electrons are
peculiar to their chemical composition. The alkaly-doped fullerene as well as
fullerene and CaCuO2 oxide showing field-effect superconductivity are to be
regarded as ”doped” superconductors, because in these materials supercon-
ductivity is originated by an external agent.
3) With the field-effect technique the average degree of oxidation of the material can be
properly determined. On the contrary, lattice discontinuities related to the local degree of
oxidation of the cells remain uncertain. Also incidental lattice defects might play a role.
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3. About properties of fermion systems
Let us recall some topics concerning properties of fermion systems which
will be helpful in understanding the mechanism of superconduction in the
above cited materials. In 1916, G.N. Lewis first discovered that covalent
bonds consist of pairs of shared electrons [19]. This fact, inexplicable by
the classical physics, was interpreted in 1927 by W. Heitler and F. London
(HL) who applied quantum mechanics to the hydrogen molecule [20]. By
considering two hydrogen atoms A and B in 1s states, they wrote a two-
electron wave function of the form: [u1sA (1)u1sB (2) + u1sB (1)u1sA (2)] in
which each electron is found at the same time both on atom A and B. This
function, symmetric with respect to exchange of electrons, was associated to
an antisymmetric spin function: [α (1)β (2)− β (1)α (2)] representing a spin-
singlet state, so allowing for the Pauli principle. In this way, in evaluating the
expectation value of energy, integrals involving products of electron states:
u1sA (1)u1sB (1) and u1sA (2) u1sB (2) appear in calculations. These exchange
integrals account for covalent bond energy. A year later, W. Heisemberg,
utilizing the same arguments, explained the origin of the Weiss field in fer-
romagnetic solids [21].
In 1933, exchange forces came back into evidence in a quite different field
of physics. In this year, indeed, E. Majorana, in dealing with nuclear inter-
actions, introduced forces which exchange the coordinates of the interacting
nucleons [22]. These forces are mediated by charged pions and act only for
nucleons in neighbouring momentum states [23]. The Majorana forces are
of paramount importance since they account for the saturation effects in
binding energy of nuclei.
In 1957 the famous BCS theory finally explained superconduction in met-
als [24]. The essential device of this theory are the Cooper pairs, that is,
pairs of electrons of opposite momenta bound by a phonon coupling. Uti-
lizing a special canonical transformation devised by N.N. Bogolyubov [25],
the system of interacting electrons is substituted by a set of non-interacting
quasi-particles showing an energy gap at the top of the distribution.
The great success of the BCS theory drew attention on the possibility of
its application to nuclear physics. In 1958, A. Bohr, B.R. Mottelson and D.
Pines proposed that the energy gap found in the spectra of even-even nuclei
is originated by a mechanism analogous to that of superconduction in metals
[26]. In this case, of course, the electron Cooper pairs must be substituted
by Majorana pairs of nucleons of like momenta. A thorough treatment of
this problem was performed by S.T. Belyaev [27] by means of a modified
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form of the Bogolyubov transformation which considers pairs of nucleons
with equal linear momenta, but opposite projections of angular momenta
along the quantization axis. An equivalent treatment was performed by L.P.
Gor’kov and A.I. Alekseev utilizing the Green function technique [28, 29].
These treatments, however, leave out the dependence on temperature of the
energy gap, owing to the fact that nuclei are always on the ground state.
4. The superconducting Lewis pairs
The superconductor features highlighted in Section 2 and the arguments
presented in Section 3 induce us to argue that at low temperature unpaired
electrons running in a superconductor region bordering on a lattice disconti-
nuity originate spin-singlet pairs with electrons running in the region border-
ing on the opposite side of the lattice discontinuity. This is due to instability
of the unpaired electrons that tend to form covalent bonds. Obviously, in
order to set out a quantitative treatment, it is necessary to know the elec-
tron wave functions and the actual nature of the lattice discontinuities. This
occurs with the intrinsic superconductors, such as the the YBa2Cu3O7 and
the Tl2Ba2CaCu2O8 cuprates, or the Bechgaard salt. On the contrary, with
the reduced superconductors of items A) and C) it is necessary to resort to
special conjectures, since their fractional stoichiometries make the structure
uncertain. These superconductors are investigated in Section 7. Also the
fullerene-based supercondutors give rise to difficulties of this kind. In prac-
tice, the materials most right for our investigations are the intrinsic cuprates.
The previously cited cuprates, are characterized by planes of oxygen la-
cunae and yttrium or calcium ions sandwiched between couples of contiguous
CuO2 layers (see [30] Ch. 7). In the following, these layers will be marked
with labels a and b. Two unpaired electrons, one running on layer a the other
on layer b, can be represented by the tight-binding (TB) wave functions
φa(ka, r1) =
1√
N
N∑
p=1
exp (ika · up) a(r1 − up),
φb(kb, r2) =
1√
N
N∑
q=1
exp (ikb · vq) b(r2 − vq) (1)
in which ka and kb mean the electron wave vectors, a(r1−up) and b(r2−vq)
the 3d-orbitals of the copper ions on layers a and b and up and vq their
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lattice vectors, respectively. Each copper ion on layer a is separated from a
corresponding ion on layer b by the spacing λ between the layers, that is,
vp − up = λ. (2)
The energies of the unpaired electrons spoken of are
Wa (ka) = 〈φa(ka, r1)|Ha (p1, r1) |φa(ka, r1)〉 ,
Wb (kb) = 〈φb(kb, r2)|Hb (p2, r2) |φb(kb, r2)〉 , (3)
where the Hamiltonians Ha and Hb account for the electron kinetic energies
p21/2m and p
2
2/2m and for the Coulomb interactions of electrons 1 and 2 with
the copper ions in positions up and vq, respectively. For ka = kb, energies
Wa (ka) and Wb (kb) are equal, owing to equality of the CuO2 layers. In
Appendix , utilizing a special model for the actual nature of the copper ion
orbitals, energies Wa (ka) and Wb (kb) are evaluated on the grounds of Eqs.
(3).
Owing to the peculiar structure of the before cited cuprates, that is, the
presence of oxygen lacunae on the yttrium or calcium planes placed between
the copper ions, an unpaired electron of layer a is allowed to form a covalent
bond with an unpaired electron of layer b, like the 1s electron of a hydrogen
atom A forms a covalent bond with the 1s electron of another hydrogen atom
B. On this ground, in analogy to the HL treatment of the hydrogen molecule
[31], the wave function for a pair of electrons of layers a and b in a spin-singlet
state is
Ψ (r1, r2) =
1√
2 (1 + 〈φa | φb〉2)
[φa(ka, r1)φb(kb, r2) + φa(ka, r2)φb(kb, r1)]×
× 1√
2
[α (1)β (2)− α (2)β (1)] , (4)
α (1) and β (2) standing for the spin functions. In the following, these pairs
are referred to as ”Lewis pairs” since this author, already cited in Section
3, pioneered investigations on covalent bonds. The possibility of applying
the HL treatment is due to the fact that it is implemented aside from the
actual nature of the electron states, so that 1sA and 1sB or φa and φb states
can be indifferently considered. This notwithstanding the fact that 1s states
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account for a single Coulomb potential centre, while φ states account for N
centres. Like in the HL treatment, energy −WP of the electron pair holds a
”classic” contribution, that is, without exchange of electrons between φa and
φb states and an exchange contribution in which both electrons are shared
between φa and φb states (
4), that is,
−WP = 〈Ψ (r1, r2)|Hint (r1, r2) |Ψ (r1, r2)〉 =
=
〈φa (ka, r1)φb (kb, r2)|√
1 + 〈φa | φb〉2
[
−
N∑
q=1
Ze2
|r1 − vq| −
N∑
p=1
Ze2
|r2 − up| +
e2
r1,2
]
×
×|φa (ka, r1)φb (kb, r2)〉√
1 + 〈φa | φb〉2
+
+
〈φa (ka, r1)φb (kb, r2)|√
1 + 〈φa | φb〉2
[
−
N∑
p=1
Ze2
|r1 − up| −
N∑
q=1
Ze2
|r2 − vq| +
e2
r1,2
]
×
×|φb (kb, r1)φa (ka, r2)〉√
1 + 〈φa | φb〉2
, (5)
In this equation, Hamiltonian Hint (r1, r2) allows for Coulomb interactions of
electrons with copper ions of effective charge Z and for Coulomb repulsion
between the electrons. Like in the HL treatment, it follows that pairing
energy is given by
−WP = 2J + J
′ + 2〈φa | φb〉K +K ′
1 + 〈φa | φb〉2
≃ 2〈φa | φb〉K +K ′. (6)
In this equation, terms J and J ′ represent the classic contributions to energy
of the electron pair. These contributions are negligible as occurs in the case
of the hydrogen molecule [31] . The squared overlap integral 〈φa | φb〉2 is
4) Apart from substitution of 1sA and 1sB hydrogen-like states with φa and φb states
and the presence of summations over the N copper ions, the terms appearing in Eq. (5)
are like the terms in Eq. (43-7) and (43-9) of reference [31] p. 342. We omit considerig
terms for the spin-triplet state which originate repulsion between electrons.
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negligible with respect to unity. Only integrals K and K ′, which account for
exchange interactions, must be retained.
We proceed now to evaluate the integrals appearing in Eq. (6). Let us
first consider the exchange integral K ′. Taking into account Eqs. (1), we
have
K ′ = 〈φa (ka, r1)φb (kb, r2)|
e2
r1,2
|φb (kb, r1)φa (ka, r2)〉 =
=
e2
N2
∫ N∑
q, p=1
exp (−ikb · vq + ika · up) b (r2 − vq) a (r2 − up)×
×
[∫ N∑
p, q=1
exp (−ika · up + ikb · vq) a (r1 − up) b (r1 − vq)
r1, 2
d3r1
]
d3r2. (7)
This equation involves sums over N4 terms. But, taking into account that
the electron distributions in orbitals a(r1 − up) or a(r2 − up) and b(r1 −
vq) or b(r2 − vq) are closely localized at the lattice positions up and vq,
respectively, terms b (r2 − vq) a (r2 − up) and a (r1 − up) b (r1 − vq) are non-
negligible only when r2 ≃ vq and r2 ≃ up and r1 ≃ up and r1 ≃ vq, which
entails that vq ≃ up, that is, remembering Eq. (2), p = q. It follows that the
sums in Eq. (7) contain only N2 non-negligible terms. This leads to
K ′ =
e2
N2
∫ N∑
q, p=1
exp [i (ka − kb) (vq − up − λ)]×
×b (r2 − vq) a (r2 − uq) a (r1 − up) b (r1 − vp)
r1, 2
d3r1d
3r2. (8)
In this sum, significant contributions appear only when r2 ≃ r1 which, as
before, entails that only terms with vq ≃ up, that is, p = q are non-negligible.
So we obtain
K ′ =
e2
N2
∫ N∑
q=1
b (r2 − vq) a (r2 − uq) a (r1 − uq) b (r1 − vq)
r1, 2
d3r1d
3r2 =
9
= O
(
1
N
)
, (9)
which means that this integral, which accounts for Coulomb repulsion be-
tween electrons, can be neglected. We consider now the overlap integral
〈φa (ka, r1) | φb (kb, r1)〉 =
=
1
N
∫ N∑
p, q=1
exp (−ika · up + ikb · vq) a (r1 − up) b (r1 − vq) d3r1. (10)
In this case, significant contributions are obtained only for orbitals with
up ≃ r1 and vq ≃ r1 which entails that up ≃ vq and, as before, p = q. We
have thus
〈φa (ka, r1) | φb (kb, r1)〉 =
=
∫
exp
[−i (ka − kb) · rq1] 1N
N∑
p=1
a (r1 − up) b (r1 − up − λ) d3r1, (11)
in which only the parallel component r
q1 has been accounted for in the ex-
ponential factor since ka and kb are parallel to a and b layers. By putting
F (r
q1) =
1
N
N∑
p=1
∫
a (r1 − up) b (r1 − up − λ) dr⊥ 1, (12)
Eq. (11) can be rewritten as a Fourier transform, that is,
〈φa (ka, r1) | φb (kb, r1)〉 =
∫
exp [−i (ka − kb) · r q1] F (rq1) d2rq1. (13)
Function F (r
q1) shows a slight periodic dependence on rq1 since, when rq1
varies, about equivalent terms are always included in the sum over p. In
particular, if dependence on r
q1 of function F (rq1) is omitted we have
〈φa (ka, r1) | φb (kb, r1)〉 = (2pi)2 F δ (ka − kb) . (14)
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Eqs. (13) and (14) entail that electrons of equal wave vectors, that is, of equal
momenta, allow for the maximum value of overlap integral and, therefore, the
maximum pairing energy. It is worth to point out that this result mimics that
concerning the Majorana exchange forces, which likewise originate fermion
pairs of equal momenta. But, with the Lewis pairs this is a consequence
of antisymmetry of the wave function (4) which accounts for the Pauli’s
principle, while with the Majorana pairs equality of momenta directly follows
from the exchange nature of the forces, which are mediated by charged pions.
On this ground, we consider in the following only electron pairs with ka = kb.
We find in this way
〈φa (ka, r1) | φb (kb, r1)〉 =
1
N
N∑
p=1
∫
a(r1 − up) b(r1 − up − λ)d 3r1 = Sa,b,
(15)
where
Sa,b =
∫
a(ρ) b(ρ− λ) d 3ρ. (16)
By applying the same procedure to exchange integral
K = −〈φb(kb, r2)|
N∑
p=1
Z e2
|r2 − up| |φa(ka, r2)〉 , (17)
we obtain
K = − 1
N
N∑
l=1
∫
a(r2 − ul) Z e
2
| r2 − ul |b(r2 − ul − λ)d
3r2 = Eb, a, (18)
where
Eb, a = −
∫
a(ρ)
Z e2
| ρ |b(ρ− λ)d
3ρ. (19)
Consequently, utilizing Eqs. (6), (9), (15) and (18), pairing energy for ka =
kb turns out to be
−WP = 2Sa, bEb, a. (20)
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Energy WP , of course, is expected to be quite small in comparison with
those of most covalent bonds, owing to the considerable separation of the
interacting copper oxide layers which is larger than normal covalent bond
lengths.
5. The canonical transformation
According to the previous picture, electrons running on two contiguous
copper oxide layers a and b form a single set of 2N Fermi’s particles. An elec-
tron in this set with a given wave-vector k shows degeneration due to its spin
components α and β and degeneration due to options k = ka or k = kb, that
is, to its placing on layer a or b. Owing to k degeneration, the electron set is
split into two conjugated subsets a and b. Each electron of subset a is paired
with an electron of subset b of equal wave vector, that is, of equal momentum,
with an energy −WP independent of the actual momentum. As it follows
from the pair wave function Ψ (r1, r2) , each electron in the pair shows both
the spin components α and β. By using labels ka, kb and k′a, k′b for elec-
trons of wave vectors ka, kb and k
′
a, k
′
b, respectively, the second-quantization
Hamiltonian Ĥpair, which accounts for pair formation, includes a destruction
factor α̂ kb α̂ka preceded by a creation factor (α̂ k′b α̂ k′a)
+ = α̂ +k′aα̂
+
k′b. This is
similar to what occurs with the Cooper pairs in BCS theory and with Ma-
jorana pairs in the Belyaev treatment [27]. To allow an easy comparison of
these different kinds of pairing mechanisms, the Hamiltonians involved are
given in Tab. 2. It can be seen that Hamiltonians for Majorana and Lewis
pairs are formally equal, since (+) and (−) signs are merely substituted by a
and b labels. But, with the Lewis pairs, pairing energy Vk k′ is constant and
equal to WP.
Tab. 2. Hamiltonians for different kinds of pairs in fermion systems. With
Cooper pairs, arrows account for the spin components, with Majorana pairs,
signs (+) and (−) account for the opposite components of nucleon angular
momenta.
Fermion pairs Ĥpair
Cooper −∑k, k′ Vk k′ (α̂ −k′↓ α̂ k′↑)+ α̂ −k↓ α̂ k↑
Majorana −∑k, k′ Vk k′ (α̂ k′− α̂ k′+)+ α̂ k− α̂ k+
Lewis −∑k, k′ Vk k′ (α̂ k′b α̂ k′a)+ α̂ kb α̂ ka
Taking the kinetic energy term into account and by writing briefly Wk for
Wa (ka) andWb (kb), the Hamiltonian for a system of electrons forming Lewis
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pairs is
Ĥ =
∑
k
(Wk − µ)
(
α̂+kaα̂ka + α̂
+
kbα̂kb
)−WP ∑
k, k′
(α̂ k′b α̂ k′a)
+ α̂kb α̂ka, (21)
µ standing for the chemical potential of the 2N electron set.
Assuming coefficients which satisfy condition
U2k + V
2
k = 1, (22)
the canonical transformation is
α̂ka = Uk β̂ka + Vk β̂
+
kb,
α̂kb = Uk β̂kb − Vk β̂
+
ka,
(23)
β̂ka and β̂kb standing for the quasi-particle destruction operators. Substitu-
tion of Eq. (23) in Eq. (21) leads to
Ĥ =
∑
k
ξk
[
2V 2k +
(
U2k − V 2k
)
(n̂ka + n̂kb) + 2UkVk
(
β̂
+
kaβ̂
+
kb + β̂kbβ̂ka
)]
−
−WP
∑
k, k′
B̂+k′B̂k, (24)
where ξk = Wk − µ and
B̂k = U
2
k β̂kbβ̂ka − V 2k β̂
+
kaβ̂
+
kb + UkVk (1− n̂ka − n̂kb) , (25)
n̂ka = β̂
+
kaβ̂ka and n̂kb = β̂
+
kbβ̂kb standing for the operators of quasi-particle
numbers. These equations, apart from some obvious differences in symbols,
are like those for the BCS theory given, for instance, in the Landau and Lif-
shitz treatise [32]. For this reason, reutilizing the same routine procedure, we
limit ourselves to reporting the most significant issues. By taking condition
(22) into account, considering the diagonal terms in the Hamiltonian and
minimizing energy with respect to coefficient Uk for given entropy, we find,
2ξkUkVk = ∆
(
U2k − V 2k
)
, (26)
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with
∆ =WP
∑
k′
Uk′Vk′ (1− nk′a − nk′b) , (27)
in which nk′a and nk′b now mean the actual numbers of quasi-particles. When
Eq. (26) is verified, the non-diagonal second-order terms β̂kbβ̂ka and β̂
+
kaβ̂
+
kb
are removed from Hamiltonian (24). From Eqs. (22) and (26), the usual
relations for coefficients Uk and Vk
U2k =
1
2
(
1 +
ξk√
∆2 + ξ2k
)
, V 2k =
1
2
(
1− ξk√
∆2 + ξ2k
)
(28)
are obtained which, when substituted in Eq. (27), lead to the equation which
determines ∆
WP
∑
k′
(1− nk′a − nk′b)√
∆2 + ξ2k′
= 1. (29)
The next step is to change summation on k′ to integration on energy.
Taking into account that for εk = 0 and εk = µ we have ξk = −µ and ξk = 0,
respectively, Eq. (29) becomes
WP
∫ 0
−µ
(1− nξa − nξb)√
∆2 + ξ2
Ω (ξ) dξ = 1, (30)
Ω (ξ) standing for the density of states per unit cell. Owing to the expected
smallness of ∆ with respect to µ, the main contribution to the integrand
arises for ξ ≃ 0 so that we can put Ω (ξ) ≃ ΩF . For ξ = 0, we have indeed
εk = µ = εF since the chemical potential, apart from a small correction due
to temperature, coincides with the electron kinetic energy at the Fermi level
(5). Consequently, at T = 0 K where nξa = nξb = 0, Eq. (30) yields
WPΩF
∫ 0
−µ
dξ√
∆20 + ξ
2
= WPΩF log
∆0√
∆20 + µ
2 − µ ≃ WPΩF log
2µ
∆0
= 1
(31)
5) See for instance [33] Ch. III.
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which leads to (6)
∆0 = 2µ exp (−1/WPΩF ) . (32)
This equation differs from the corresponding one of the BCS theory only in
the substitution of the Debye energy ~ωD with twice the chemical potential µ.
It follows from Eq. (32) that superconduction is ruled by three parameters,
that is, pair energy WP , density of states ΩF at the Fermi level and chemical
potential µ. Taking into account that µ = εF , a connexion between µ and
ΩF is expected, depending on the actual electron energy spectrum (
7). In
Appendix, utilizing special assumptions for the copper ions orbitals, this
connexion is found to be: µΩF = 1.28, which allows Eq. (32) to be rewritten
as
∆0 = 2µ exp
(
− 0.78 µ
WP
)
. (33)
For T > 0, substituting
nξa = nξb = 1/
[
exp
(√
∆2 + ξ2/kT
)
+ 1
]
(34)
into Eq. (30), we obtain as in the BCS theory
log
γ∆0
pikBT
=
7ζ (3)
8pi2
(
∆
kBT
)2
, (35)
where kB is the Boltzmann constant, log γ = 0.577 the Euler constant and
ζ (3) = 1.202 the Riemann Zeta-function. By putting ∆ = 0 in this equation,
the usual relationship between energy gap and critical temperature is found
2∆0 =
2pi
γ
kBTc = 3.52kBTc. (36)
6) In this equation ∆0 is a constant quantity. But, if in normalizing the TB functions
(1), overlap integrals of copper ion orbitals are not disregarded, ∆0 is substituted by a
quantity ∆ (θ) depending on the angle between the electron wave vector k and the cell
a-axis. This accounts for the d -symmetry of the order parameter. In Ref. [3] this matter
has been thoroughly discussed.
7) For a tridimensional Fermi gas of N electrons in a volume V , we have: N ΩF =(
V/2pi2
) (
2m/h2
)3/2√
εF , where: εF =
(
h2/2m
) (
3pi2N/V
)2/3
. This, by letting µ = εF ,
leads to: µΩF = 1.5 (see for instance [33] Ch. III).
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Likewise, by utilizing the Hamiltonian (24) and Eqs. (27) and (28), the
quasi-particle energy spectrum is found to be the same as that of the BCS
theory, that is,
wk =
√
∆2 + (εk − εF )2. (37)
The actual magnitude of the energy gap is 2∆0 since quasi-particles appear
in pairs as occurs in BCS theory. It is to pointed out that Eq. (36) has been
successfully tested for various unconventional superconductors. An extensive
tabulation of data concerned is given in [30] Ch. 6.
6. Experimental evidence in favour of the interacting-
layer mechanism
We will now briefly examine some experimental results which substan-
tiate the interacting-layer mechanism. They are reported here in order of
increasing significance.
1) Coherence length - A first clue about the interaction between the super-
conducting layers is offered by measurements of the Hall effect on YBa2Cu3O7
single crystals. It was found that the Ginzburg-Landau coherence length
along the c-axis is 1.5
o
A. Since the spacing of superconducting layers is near
to c-axis lattice parameter 11.68
o
A, the conclusion was drawn that ”the two
copper oxide planes which are spaced 3.2
o
A, are tightly coupled and act as a
single superconducting layer” [34] .
2) The effect of internal pressure. - More direct evidence comes out from
the effect of pressure on critical temperature. It is common knowledge that
in cuprates Tc considerably increases when samples are submitted to hydro-
static pressures on the order of few GPa. Eqs. (16) and (19), which relate
pairing energy to the layer separation λ, explain this effect. Indeed, hydro-
static pressure lessens separation λ thus increasing WP and, consequently,
critical temperature. But hydrostatic pressure lessens the distances between
copper ions in direction both parallel and orthogonal to CuO2 layers. The
effect of hydrostatic pressure, therefore, is unsuitable in distinguishing in-
teractions inside each layer from those between contiguous layers so that no
evidence in favour of the interacting-layer mechanism is obtained. The con-
clusion, however, is different if the so-called ”internal” or ”chemical” pressure
is considered. Indeed, substitution of some ions with others of smaller radius
originates a decrease in the cell size which is commonly regarded as the effect
of an internal pressure. In this connection, let us quote, the following sen-
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tence by P. Chu highlighted in a note by K.A. Muller [35] : ”Therefore, Paul
Chu thought, O.K., instead of applying pressure, I rather use a rare-earth
ion, namely the yttrium which is smaller than lanthanum, and thus get a
higher T c owing to the induced internal pressure ”. Actually, the La
+3 ionic
radius is 1.15
o
A while that of Y+3 is 0.93
o
A. This is tantamount to saying
that in YBCO Tc increases just when the contiguous CuO2 layers approach
each other leaving unchanged copper ion distances parallel to the layers (8).
3) The effects of yttrium-praseodymium substitution and of reduction in
YBa2Cu3O7. - Concerning the effect of ion substitutions in YBa2Cu3O7, a
surprising feature is the lack of superconductivity of the PrBa2Cu3O7 com-
pound [37, 38] . This fact cannot be ascribed to the praseodymium ionic
radius which is not significantly different from the yttrium radius. To ex-
plain this peculiar result it should be taken into account that praseodymium
originates both trivalent and tetravalent ions. Actually, magnetic suscep-
tibility measurements have indicated that, in the compound dealt with,
praseodymium is tetravalent [39, 40] . This means that one electron is re-
leased from praseodymium and transferred to the neighbouring copper ions
on the CuO2 layers so that each cell contains one divalent and one monova-
lent copper rather than two divalent coppers as in the yttrium compound. In
the PrBa2Cu3O7 compound praseodymium acts as an electron donor. Since
monovalent copper shows the [Ar]3d10 configuration lacking unpaired elec-
trons, the superconducting pairs can no longer be originated. Consequently,
superconductivity is shut out by the interacting-layer mechanism, just as
expected.
A very interesting result concerns the effect of reduction on YBa2Cu3O7
critical temperature. Samples of stoichiometry YBa2Cu3O7−x show a decreas-
ing Tc for increasing x. Actually, the Tc versus x plot is characterized by two
plateaux, the first at 92 K, for x less than 0.2, followed by a step decrease
and by a second plateau at about 60 K, for x near to 0.4. Measurements of
distances of copper from nearby ions have shown that the effective valence
(9) of copper on CuO2 layers is characterized by a parallel behaviour. Indeed,
the plot of copper effective valence versus x shows just two plateaux for the
8) A clear evidence of the effect of internal pressure is offered by some thallium-based
cuprates in which barium-strontium substitution slightly lessens the cell size along c-axis
so originating Tc enhancements as large as tens of K [36] .
9) For the meaning of the ”effective valence” parameter, otherwise referred to as the
”bond valence sum”, see [41, 42, .43] . It can be identified, in practice, with the copper
average valence.
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same values of x separated by a step decrease of 0.03 e/Cu effective charges
[44]. This behaviour, like that originated by the yttrium-praseodimium sub-
stitution, depends on reduction of divalent copper on the CuO2 layers. When
oxygen is removed, a number of electrons is left into the lattice. Along the
plateaux, only trivalent copper on the cell basal planes is reduced thus leav-
ing Tc unaffected. The Tc decrease for 0.2 < x < 0.4 corresponds to the
decrease of effective valence of CuO2 layer copper. In Reference [5] a thor-
ough thermodinamic description of this effect is given.
4) The monolayered Tl2Ba2CuO6 compound. - Several multilayered thallium-
based superconductors are known. The compond mentioned here represents
a special case since it is characterized by a single CuO2 layer interposed be-
tween two BaO and two TlO layers on the outside of the BaO layers (see [30]
Ch. 7). With this structure, the CuO2 layers are well separated so that the
interacting-layer mechanism cannot be active. In spite of this, this compound
superconducts at 85 K [13]. This fact may seem to represent strong evidence
against the mechanism we consider. In reality, the situation is quite opposite.
In fact, only reduced samples of stochiometry Tl2Ba2CuO6−δ superconduct.
Experiments have shown that in fully oxidized samples superconductivity is
destroyed just as expected on the ground of the mechanism dealt with [45].
Reduction introduces in the lattice unpaired electrons, as occurs in the per-
ovskites with fractional stoichiometry listed in item A) of Section 2. As it will
be shown in the next section, these electrons originate additional layers of
unpaired electrons with wich electrons in the CuO2 layers interact so allowing
for superconductivity. On this ground, the sudden onset of superconductivity
observed as soon as the oxygen content is reduced is not surprising. Indeed,
even a minimum quantity of superconducting material embedded in an inert
matrix is sufficient to set the sample resistance to zero.
By keeping the previous arguments in mind, the queer result that re-
duction sometimes causes and other times hinders superconductivity is ex-
plained. In Ref. [4] , other evidences in favour of the interacting-layer mech-
anism are discussed.
7. Superconductivity of mixed stoichiometry perovskites
We extend our analysis to superconductivity of some mixed stoichiom-
etry perovskites. As pointed out in Section 2, these materials are to be
regarded as reduced compounds. Reduction decreases the actual cation va-
lence, thus introducing unpaired electrons into the lattice. In the mechanism
we consider, unpaired electrons are indeed the basic ingredient for supercon-
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ductivity. However, the question is to be settled of the lattice structure which
allows the interacting layer mechanism to operate. While cuprates show a
quite tidy layered structure, in the mixed stoichiometry compounds oxygen
lacunae or substitutional ions are placed at random. Despite this, for mere
statistical reasons it can be expected, that the lattice contains some domains
in which ions are layered in the right order to allow superconductivity. We
point out, in this connection, that the formation of Lewis pairs is allowed
even when lattice vectors vq and up are not ordered on plane surfaces, as
occurs in cuprates. Even irregularly bent surfaces, such as those that are
likely found in mixed stoichiometry compounds, are suitable, provided that
a number of orbitals with unpaired electrons exist such that Eq. (2) can be
applied. Therefore, remembering that even a minimum quantity of supercon-
ducting phase sets sample resistance to zero, the superconductivity of mixed
stoichiometry perovskites can reasonably be explained.
To understand how this can occur, let us focus attention on the previously
cited 30 K superconductor Ba0.6K0.4BiO3. The most conservative assumption
is that the unpaired electrons introduced by the potassium-barium substitu-
tion lie right on the barium, so that monovalent Ba+1 ions substitute K+1
ions. In this way, in fact, the lattice Madelung energy is kept unchanged
at its former value. Evidence in favour of this assumption is offered by the
fact that superconductivity was detected in the Sr0.5K0.5BiO3 and Sr0.5Rb0.5
BiO3 compounds at 12 K and 13 K, respectively (see.Tab. 1). This large T c
decrease is to be ascribed to the strontium ionic radius which is smaller than
the barium radius. Since the alkaly-earth ions are placed at the centre of
the perovskitic cells, the smaller Sr+1 ion radius reduces the orbital overlap
and thus pairing energy WP . In Fig. 1, using the edge, face, centre [E F C]
notation [30, 46], the probable layering scheme of Ba0.6K0.4BiO3 is shown, to-
gether with those of the previously mentioned BaPb0.7Bi0.3O3 and SrTiO3−δ
compounds. The ion arrangement which originates superconductivity is the
same in all compounds. In particular, in all compounds an empty C-position
separates the alkaly-earth ions, thus allowing formation of bonds as occurs
in bilayered cuprates.
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[BiO2−]
[O− Sr] [O− Ba] [O−K]
[TiO2−] [PbO2−] [BiO2−]
[−− Sr+1]
[TiO2−][−− Sr+1]


[
O−Ba+1]
[BiO2−][
O−Ba+1]


[
O−Ba+1]
[BiO2−][
O−Ba+1]

[TiO2−] [BiO2−] [BiO2−]
[O− Sr] [O− Ba] [O−K]
SrTiO3−δ [PbO2−] [BiO2−]
Tc = 0.3 K BaPb0.7Bi0.3O3 [O−K]
Tc = 10 K Ba0.6K0.4BiO3
Tc = 30 K
[−O2Cu]
[Ba−O]
[−O2Cu] [O− Tl]
[La−O] [Tl−O]{ [
O− Sr+3]
[CuO2−]
} { [−−Ba+1]
[CuO2−]
}
[O− La] [O− Ba]
[La−O] [Tl−O]
[−O2Cu] [O− Tl]
La1.85Sr0.15CuO4 [Ba−O]
Tc = 35 K [−O2Cu]
Tl2Ba2CuO6−δ
Tc = 85 K
Fig. 1. Probable layering schemes in mixed stoichiometry perovskites.
Braces enclose the layers which activate superconductivity. Ions with un-
paired electrons are represented by bold type.
In Fig. 1, the probable layering schemes of La1.85Sr0.15CuO4 and Tl2Ba2CuO6−δ
compounds are also shown. These cuprates are of special interest since both
are characterized by isolated CuO2 layers. In the oxidized La1.85Sr0.15CuO4
compound, trivalent Sr+3 ions are included showing unpaired electrons in
the krypton shell and forming bonds with copper. The situation, however, is
quite different from that of bilayered cuprates. In fact; while copper is placed
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in E-position, strontium lies in the C-position of the overhanging layer. Con-
sequently, each copper is allowed to form bonds with four strontium ions
so that the symmetry between the interacting layers peculiar to bilayered
cuprates no longer exists. A possible equivalent interpretation assumes that
divalent strontium causes an equal number of lanthanum ions to be oxidized
to valence four, thus showing unpaired electrons in the xenon shell. The
monolayered reduced compound Tl2Ba2CuO6−δ shows a similar situation. In
this compound, monovalent Ba+1 ions with unpaired 6s electrons are present
forming bonds with 3d-electrons of divalent copper. Both the compounds
dealth with are indeed characterized by staggered overlaps of the interacting
layers (10). This would require some modifications to calculations of Section
4, leaving however the essential results unchanged. In reality, the matters
presented in this Section are based in part on conjectures for substituting the
lack of data on the actual placing of the unpaired electrons. Notwithstand-
ing this, in our opinion, the reliability of the interacting layer mechanism is
reasonably proved.
8. Discussion and conclusions
According to the electron pairing mechanism we propose, superconduc-
tivity in cuprates requires the presence of two neighbouring CuO2 layers.
In compounds like YBa2Cu3O7, each couple of layers constitutes an inde-
pendent superconductor. Contrary to this point of view, evidence has been
claimed for nonexistence of superconductivity in an isolated CuO2 bilayer.
Organic chains (Py-CnH2n+1)2HgI4 (2<n<12) were intercalated in the bi-
layered Bi2Sr2CaCu2O8 compound thus drastically increasing the distance
between consecutive bilayers [47]. In this way, a complete disappearance of
superconductivity was observed. This result was considered as a proof that
superconductivity depends on a three-dimensional linkage between the cou-
ples of neighbouring CuO2 layers. In opposition to this conclusion, we point
out that pyridine is an efficient electron donor (see for instance [48]). Con-
sequently, the observed disappearance of superconductivity is an expected
donor-effect quite similar to that of yttrium-praseodimium substitution in
YBa2Cu3O7 discussed in item 3) of Section 6.
The question of the actual number of layers required for originating su-
perconductivity in cuprates is certainly of primary importance. But the most
momentous question is the basic interaction which allows the formation of
10) A state of affairs of this kind has been already considered in Ref. [3].
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electron pairs. In alternative to the phonon coupling peculiar to the BCS
theory, in 1997 we proposed the inter-layer HL-type two-electron exchange
[2] , while T.M. Mishonov et al. proposed an inter-atomic two-electron ex-
change [49]. In contrast with this previous proposals, these authors recently
have advanced the intra-atomic exchange of two electrons between 4s and
3dx2−y2 states as the origin of high Tc superconduction in cuprates [50, 51].
In our opinion, identification of exchange interactions as the very cause of su-
perconductivity represents a major progress in this field of studies. But, for
a full understanding of the phenomenon, the question remains to be settled
if an unique mechanism or different mechanisms are active in the different
kinds of unconventional superconductors. The option of a unique mecha-
nism obviously allows the theory to be compared with a larger quantity of
experimental data.
Leawing aside the theoretical problems, the most pressing issue appears
to be the discovery of new superconductors of higher Tc and, hopefully, of
a 300 K superconductor. In reality, even a minor increase of pairing energy
WP may originate a large increase of Tc, owing to the exponential depen-
dence given in Eq. (33). A sound argument in favour of this expectation is
offered by the detection of a sharp superconductive transition at 235 K due
to traces of an unidentifyed phase fortuitously mixed to a HgBa2Ca2Cu3O8
sample [52] . The approach we advise for improving critical temperature is
based on the fact that all cuprates with divalent calcium sandwiched be-
tween the neighbouring CuO2 layers show values of Tc higher than 92 K,
the YBCO critical temperature, in which trivalent yttrium is sandwiched be-
tween the layers. This fact can be explained by considering that the charge
of unpaired electrons on copper ions is a little shifted towards the sandwiched
positive ions, thus reducing overlap of unpaired electrons and, consequently,
WP . Obviously, this effect is expected to be less harmful with divalent cal-
cium than with trivalent yttrium. This induces us to consider compounds of
stoichiometry M+1M+32 Cu3O7 derived from YBCO by substituting Y
+3 with
monovalent M+1 ions and Ba+2 with trivalent M+3 ions (M+1 =Li, Na, K;
M+3 = Y, La). This substitution leaves the cell neutrality unchanged. Using
the [E, F, C] notation [8, 9], the substitution at issue is shown in Fig. 2.
Along the same line of reasoning, in the HgBa2 Ca2Cu3O8 compound we can
consider the substitution of Ca+2 ions with M+1 ions and Ba+2 ions with
M+3 ions yielding the HgM+32 M
+1
2 Cu3O8 compound. Also the thallium based
compounds Tl2Ba2CaCu2O8 and Tl2Ba2Ca2Cu3O10 are in principle suitable
for substitution of calcium with monovalent ions. Of course, the possibility
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of obtain these substituted compounds is a mere conjecture which should be
confirmed by experiments.
[CuO −]
[O− Ba]
[CuO2−]
[− − Y]
[CuO2−]

[O− Ba]
[CuO −]
YBa2Cu3O7
Tc = 92 K
=⇒
[CuO −][
O−M+3]
[CuO2−][− −M+1]
[CuO2−]
[
O−M+3]
[CuO −]
M+1M+32 Cu3O7
Tc =? K
[Hg− −]
[O− Ba]
[CuO2−]
[−− Ca]
[CuO2−]
[−− Ca]
[CuO2−]

[O− Ba]
[Hg− −]
HgBa2Ca2Cu3O8
Tc = 133 K
=⇒
[Hg− −][
O−M+3]
[CuO2−][− −M+1]
[CuO2−][− −M+1]
[CuO2−]
[
O−M+3]
[Hg− −]
HgM+32 M
+1
2 Cu3O8
Tc =? K
Fig. 2- Layering schemes of YBa2Cu3O7 and HgBa2Ca2Cu3O8 cuprates and
their respective modified counterparts M+1M+32 Cu3O7 and HgM
+3
2 M
+1
2 Cu3O8.
Braces enclose the layers which activate superconductivity.
Appendix - The electron energy spectrum
As shown in Eq. (3) and by writing Wk for W (k) as in Eq. (21), the
energy of electrons running on CuO2 layers is given by the expectation value
Wk =
1
N
〈
N∑
m=1
exp (ik · um) a (r− um)
∣∣∣∣∣H (p, r)
∣∣∣∣∣
N∑
n=1
exp (ik · un) a (r− un)
〉
(38)
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of Hamiltonian
H (p, r) =
p2
2m
−
N∑
p=1
Z e2
|r− up| + Vlat (r) . (39)
This energy is of course the same for a or b layers. For completeness sake, in
Eq. (39) the lattice potential Vlat (r) has been included due to ions in posi-
tions other than up, that is, to oxygen, yttrium and barium ions neighbouring
the copper ions. Orbitals of copper ions are solutions of equation[
p2
2m
− Z e
2
|r− u| + Vlat (r)
]
a (r− u) = E3d a (r− u) (40)
E3d standing for the orbital energy. On the CuO2 layers, copper ions form a
square grid with Cu+2 ions at the square vertices and O−2 ions at the middle
of the square sides. The Coulomb field of O−2 ions cuts down the electron
charge density of Cu+2 ions along the square sides, thus increasing density
along the square diagonals. So the electron charge distribution is expected
to show the four-lobe shape peculiar to d-orbitals (11).
Cu+2 ions placed at opposite ends of the square sides cannot interact
directly owing to the interposite oxygens. On the contrary, Cu+2 ions placed
at opposite ends of the square diagonals are able to originate overlap and
exchange integrals of significant values. This entails that Cu+2 ions placed
alternatively along the square sides form two independent but equivalent ion
sets, each holding N/2 ions. It is therefore sufficient to consider one of these
sets. So Eq. (38) can be rewritten as
Wk =
2
N
N/2∑
m,n=1
exp [ik · (un − um)]
∫
a (r− um) H (p, r) a (r− un) d3r.
(41)
By taking into account that for n 6= m only ions in the four neighbouring
lattice positions ui around um make a significant contribution, we have
11) As for the real form of copper orbitals in CuO2 layers, the most likely assumption is
that they consist of a superposition of 3dxy and 3dx2−y2 orbitals. The 3dx2−y2 orbitals are
lined up along the Cu-O-Cu chains, thus allowing for super-exchange interactions between
coppers mediated by oxygen ions. Consequently, only the 3dxy contributions should be
considered when dealing with pairing energy.
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Wk ==
2
N
N/2∑
m=1
[∫
a (rm) H (p, rm) a (rm) d
3rm+
+
4∑
i=1
exp (ik · σi)
∫
a (ri + σi) H (p, ri) a (ri) d
3ri
]
, (42)
where rm = r − um, ri = r − ui and σi = ui − um. For an unlimited CuO2
layer, the sum over m is independent of position um so that all terms in the
sum are equal. This allows us to write
Wk =
∫
a (r) H (p, r) a (r) d3r+
+
4∑
i=1
exp (ik · σi)
∫
a (ri + σi) H (p, ri) a (ri) d
3ri. (43)
On the other hand, we have from Eqs. (40) and (39)
H (p, rm) a (rm) =
(
E3d −
4∑
i=1
Z e2
|ri|
)
a (rm) , (44)
in which, as for Eq. (42), only terms for ions in the four positions ui around
um have been included. Owing to square symmetry of these positions around
um, we obtain ∫
a (r) H (p, r) a (r) d3r =E3d − 4EC , (45)
where
EC =
∫
a (r)
Z e2
|r− σ| a (r) d
3r (46)
means Coulomb energy of the ion in position u originated by the electric field
of the ion in position u+ σ. By putting rp = r− up, we have analogously∫
a (ri + σi) H (p, ri) a (ri) d
3ri=
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= E3d
∫
a (ri + σi) a (ri) d
3ri −
4∑
p(6= i)=1
∫
a (ri + σi)
Z e2
|rp| a (ri) d
3ri. (47)
Since the product a (ri + σi) a (ri) shows a significant value only midway be-
tween the um and ui positions, only the integral for p = m is to be accounted
for. By omitting label i and introducing the overlap
O =
∫
a (r+ σ) a (r) d3r (48)
and exchange
Eex =
∫
a (r+ σ)
Z e2
|r+ σ| a (r) d
3r (49)
integrals, we obtain∫
a (ri + σi) H (p, ri) a (ri) d
3ri=OE3d − Eex. (50)
In this way, substitution of Eqs. (45) and (50) into Eq. (43) leads to
Wk = E3d − 4EC + (OE3d − Eex)
4∑
i=1
exp (ik · σi) . (51)
This result mimics the one obtained in the case of tridimensional lattices in
which six vectors σi have to be considered.
By assuming x and y axes parallel to vectors σi, by letting W0 = E3d −
4EC + 4 (OE3d −Eex) and B = 4 (OE3d −Eex) for ground state and band
energies, respectively, the electron kinetic energy turns out to be
εk =Wk −W0 = B
2
[2− cos (kxσ)− cos (kyσ)] , (52)
where σ = |σi| . It follows that for kxσ, kyσ = ±pi, kinetic energy attains
its maximum value 2B. By assuming the CuO2 plane to be a square of
area a × a with sides parallel to x and y axes and taking into account that
kx = nx (pi/a) , ky = ny (pi/a) with nx, ny = 0,±1,±2..., Eq. (52) can be
rewritten as
ε
(
nx
n0
,
ny
n0
)
=
B
2
[
2− cos
(
pi
nx
n0
)
− cos
(
pi
ny
n0
)]
, (53)
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where n0 = a/σ. To find the isoenergetic contours on the nx, ny plane, the
initial values nx/n0 = θ and ny/n0 = 0 are chosen corresponding to energy
ε (θ) =
B
2
[1− cos (piθ)] . (54)
For θ = 1, we have ε (1) = B which is the maximum value of kinetic energy
on the isoenergetic contours. This means that B represents the actual band-
width. Then, by keeping ε (nx/n0, ny/n0) = ε (θ) , ny/n0 is evaluated as a
function of nx/n0 for various values of θ by means of a numerical procedure
which also finds the area enclosed in the contours. Owing to electron spin,
twice this area represents the number Ns of states of energy less than ε (θ) .
For θ = 1, the contour is a square of half-diagonal n0 and area 2n
2
0 (see Fig.
3). Thus, for θ = 1, Ns assumes its maximum value Ns 0 = 4n
2
0. On the
other hand on the CuO2 planes each mesh of area σ
2/2 holds one electron,
so that the overall number of electrons is 2n20. This means that the band is
half-filled. For Ns/Ns 0 = 0.5, we find θ = 0.59. It follows, from Eq. (54),
εF = 0.64B or, by identifying the Fermi energy with the chemical potential,
µ = 0.64B. Utilizing the previously mentioned numerical data, the density
of states per unit cell at the Fermi level is found to be
ΩF =
1
N
dNs
dεF
=
1
N
Ns 0
B
, (55)
which, taking into account that 2n20 = N, leads to the simple relationship
µΩF = 1.28. (56)
It is to be pointed out that this result holds in general independently of band-
width B, that is, of the actual values of overlap and exchange integrals.
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Fig. 3 - Isoenergetic contours for electrons running on CuO2 planes. The
square contour for nx/n0 = 1 corresponds to band-width energy B, the one
for nx/n0 = 0.59 to the Fermi energy εF .
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